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Abstract
We find the static vortex solutions of the model of Maxwell-Chern-Simons gauge
field coupled to a (2+1)-dimensional four-fermion theory. Especially, we introduce two
matter currents coupled to the gauge field minimally: the electromagnetic current and
a topological current associated with the electromagnetic current. Unlike other Chern-
Simons solitons the N-soliton solution of this theory has binding energy and the stability
of the solutions is maintained by the charge conservation laws.
Various field theories which include Chern-Simons terms in (2+1)-dimensions are
found to admit interesting classical soliton solutions [1][2][3][4][5] . Recently it has been
found that fermionic field theories coupled to the Chern-Simons gauge field also admit
vortex solutions [4] [5]. In these models the fermionic fields are coupled to Chern-Simons
gauge field without Maxwell term. In this note we present a fermion field theory coupled
to Maxwell-Chern-Simons field which possesses interesting vortex solutions with binding
energies.
We consider a four-fermion model coupled to Maxwell-Chern-Simons theory that in-
teracts electromagnetically in (2+1) dimensions as in Ref.[6]. The four-fermion models in
(2+1) dimensions are non-renormalizable in the weak coupling expansion, but is known to
be renormalizable in 1
N
expansion [7], N being the number of flavours.
We consider the model described by the Lagrangian
L = −1
4
FµνFµν+
κ
4
ǫµνρFµνAρ+iψ¯
aγµ∂µψ
a−mψ¯aψa+eAµ(Jµ+lGµ)+ 12g2(ψ¯aψa)2, (1)
where
Jµ = ψ¯aγµψa, Gµ = ǫµνρ∂νJρ,
index a denotes the fermion flavour running from 1 to N and κ, l and g are coupling
constants. Here, as in Ref.[6], we introduce the topological current Gµ, associated with
the electromagnetic current Jρ, which describes the induced charge and current density.
We choose γ-matrices to be
γ0 = σ3, γ1 = iσ1, γ2 = iσ2. (2)
The equations of motion are
∂νF
νµ + κ
2
ǫµνρFνρ = −e(Jµ + lGµ), (3)
γµ(i∂µ + eAµ)ψ
a −mψa + g2
∑
b
(ψ¯bψb)ψa − elǫµνρ(∂νAµ)γρψa = 0. (4)
1
We choose the gauge A0 = 0 and consider the gauge field Ai to be static. By taking the
fermion field ψ in component form, ψa =
(ψa+
ψa
−
)
e−iEf t, the equations of motion (4) can be
written as the coupled equtions for ψa+ and ψ
a
− ;
[
Ef −m+ g2
∑
b
(| ψb+ |2 − | ψb− |2)− elǫij0∂jAi
]
ψa+ = D−ψ
a
− − it
[
(∂1 − i∂2)Ef
]
ψa−,
[−Ef −m+ g2∑
b
(| ψb+ |2 − | ψb− |2) + elǫij0∂jAi
]
ψa− = D+ψ
a
+ − it
[
(∂1 + i∂2)Ef
]
ψa+,
(5)
where D± = D1 ± iD2, Di = ∂i − ieAi. If we let
ψa = ψa+
(
1
0
)
e−iEf t, (6)
the equations of motion (5) reduce to
(Ef −m+ g2ρ+ − elǫij0∂jAi)ψa+ = 0,
D+ψ
a
+ − it
[
(∂1 − i∂2)Ef
]
ψa+ = 0,
(7)
and if we take
ψa = ψa−
(
0
1
)
e−iEf t, (8)
Eq.(5) becomes
(Ef +m+ g
2ρ− − elǫij0∂jAi)ψa− = 0,
D−ψ
a
− − it
[
(∂1 + i∂2)Ef
]
ψa− = 0,
(9)
where J0± = ρ± =
∑
a | ψa± |2. The Eqs. (7) and (9) show that the fermion fields, ψ+ and
ψ−, satisfy the self-duality conditions.
From the form of the solutions (6) or (8), we find
J i = ψ¯aγiψa = 0, (10)
which implies that the induced charge also vanishes;
G0 = ǫ0ij∂iJj = 0. (11)
2
The magnetic fields, for each case of (6) and (8) , then reduce to
B+ = −F12 = e
κ
ρ+ or B− = −F12 = e
κ
ρ− (12)
respectively.
Written in (2+1)-dimentional notation the topological current takes the form
Gi = ǫij0∂jJ0, (13)
which is related to the induced current [6] by,
Giind = lǫ
ij0∂jJ0. (14)
As discussed in Ref.[6], this induced current comes from the magnetic dipole moment
density,
−→m = µ
Q
J0zˆ = lJ0zˆ, (15)
through the relation
−→
G ind =
−→∇ ×−→m. Here, the magnetic dipole moment is µzˆ (zˆ is a unit
vector perpendicular to the plane in consideration), Q is a total charge, and J0 is a charge
density. We note that the field equation (3) can then be written as
∂jF
ji = −elǫij0∂jJ0. (16)
By using Eqs. (12) and (16), we find the constant l to be l = − 1
κ
. We thus find that there
exists the magnetic dipole moment, µ = −Q
κ
, in the system.
By using Eqs. (7) and (9), the Hamiltonian density H reduces to
H = 1
2
F 212 ±mρ± − 12g2ρ2± + e
2l
κ
ρ2±, (17)
where the ± signs are for the solutions of the forms (6) and (8), respectively. The total
energy of the system can be written as
E =
∫
d2rH =
∫
d2r
[
1
2
F 212 ±mρ± − 12g2ρ2± + e
2l
κ
ρ2±
]
=
∫
d2r
[±mρ± + 12 ( e2κ2 + 2e2lκ − g2)ρ2±].
=
∫
d2r
[±mρ± − 12 ( e2κ2 + g2)ρ2±].
(18)
3
The general solutions for the self-duality equation (7) and (9) are well-known[8]. To
solve the self-dual equations, we note that when ψ± are decomposed into its phase and
amplitude,
ψ± =
√
ρ±e
iω± , (19)
where ψ± =
∑
a ψ
a
±, the self-dual equations (7) and (9) can be written as
e∇× ~A = ±∇× (∇ω±)∓∇× (∇Ef )t∓ 12∇2 ln ρ±. (20)
From Eqs. (12) and (20) we obtain the equation for the charge density ρ±:
∇2 ln ρ± = ∓2e2κ ρ±. (21)
Eq.(21) is the Liouville equation which is completely integrable. When we take the solution
(6), κ > 0 is required in order to have nonsingular positive charge density ρ+. If we take the
solution (8), however, κ < 0 is required for the nonsingular charge density ρ−. That is, both
solutions involve only one of the (2+1) dimensional spinor field components, depending on
the sign of κ. Therefore, the most general circularly symmetric nonsingular solutions to
the Liouville equations involve two positive constants r± and N± [3]:
ρ± = ±
4κN 2±
e2r2
[( r±
r
)N±
+
(
r
r±
)N±]−2
. (22)
where r± are scale parameters and the (+) sign is for the positive κ and the (−) sign for
the negative κ. To fix N±, we observe that regularity at the origin, ρ± r→0−→ r2N±−2, and
at infinity, ρ±
r→∞−→ r−2N±−2, require N± ≥ 1. Especially, for single-valued ψ±, N± must
be a positive integer. The charge density ρ± are given by the time-component of J
µ (here,
G0 = 0 ). By using Eq.(22) the total charge is given by
Q± =
∫
ρ±d
2r = ±2κN±
e2
> 0, (23)
which implies that the parameter N± describes the total charge of the system.
4
From the solution (22), the total energy of the system is shown to be
E = ±m2κN±
e2
− [( e2
κ2
+ g2
)(4πκ2N 3±Γ(2− 1N± )Γ(2 + 1N± )
3e4r2±
)]
. (24)
The total energy (24) satisfies the relation
E(N1) +E(N2) + · · ·+ E(Ni) ≥ E(N ) (25)
where N = N1 +N2+ · · ·+Ni . Unlike other Chern-Simons solitons, therefore, N -soliton
solutions of this model (1) have binding energies. In other words, it is energetically more
stable to become N -soliton than to be in a state of N separate single (N = 1) solitons.
Because the vortex solutions in this theory are nontopological, their stability is not
guaranteed automatically [2] [9]. By using Eq.(10) and (11), however, we see that the
electromagnetic current Jµ and the topological current Gµ are conserved;
∂µJ
µ = 0 and ∂µG
µ = 0. (26)
This implies that Q± and N± are conserved; i.e.
Q˙± = N˙± = 0. (27)
Thus the stability of the N±-soliton solutions is guaranteed by the charge conservation
laws of the system.
We note that, in the limit l → 0, g → 0, e2 → ∞ and κ
e2
→ 1, the Lagrangian (1)
reduces to that of Li and Bhaduri [4]. It is easy to show that the solutions and the tatal
energy (24) also reduce to that of Li and Bhaduri in this limit. We finally note that the
four fermion interaction term does not affect the structure of the soliton solutions. In other
words, the soliton solutions exist even in the limit g → 0, for which case the total energy
is given by (24) with g = 0.
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